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We study theoretically many-body properties of magic-angle twisted bilayer graphene for different
doping levels. Our investigation is focused on the emergence, stability, and manifestations of ne-
maticity of the ordered low-temperature electronic state. It is known that, at vanishing interactions,
the low-energy spectrum of the system studied consists of four almost-flat almost-degenerate bands.
Electron-electron repulsion lifts this degeneracy. To account for such an interaction effect, a numer-
ical mean-field theory is used. Assuming that the ground state has spin-density-wave-like order, we
introduce a multicomponent order parameter describing spin magnetization. Our simulations show
that the order parameter structure depends on the doping level. In particular, doping away from
the charge neutrality point reduces the rotational symmetry of the ordered state, indicating the
appearance of an electron nematic state. Manifestations of the nematicity can be observed in the
spatial distribution of the spin magnetization within a moire´ cell, as well as in the single-electron
band structure. The nematicity is strongest at half-filling (two extra electron or holes per supercell).
We argue that nematic symmetry breaking is a robust feature of the system ground state, stable
against model parameters variations. Specifically, it is shown that, away from the charge neutrality
point, it persists for all three parametrizations of the interlayer hopping amplitudes discussed in the
paper. Obtained theoretical results are consistent with the available experimental data.
PACS numbers: 73.22.Pr, 73.22.Gk, 73.21.Ac
I. INTRODUCTION
Discovery of many-body insulating states1 and super-
conductivity2 in the so-called magic-angle twisted bilayer
graphene3 (MAtBLG) has triggered an avalanche of both
theoretical4–14 and experimental15–23 studies of this ma-
terial. The MAtBLG has a twist angle θc ∼ 1◦ and it
is characterized by a superstructure with a large super-
cell containing several thousand carbon atoms. Single-
electron states of MAtBLG form four weakly disper-
sive (almost flat) low-energy bands24–27 (these flat bands
were recently visualized by ARPES in Ref. 20). Mea-
surements1,2 of the conductivity σ of MAtBLG versus
doping n reveal several conductivity minima at doping
values n/(ns/4) ≡ ν = 0, ±2, ±3, ±4, where the con-
centration ns corresponds
1,2 to four electrons per super-
cell. Observation of the “missing” conductivity minima
at ν = ±1 was later reported in Ref. 16. Besides these
findings, Ref. 2 reported superconductivity domes near
ν = −2. Superconductivity domes near ν = −2, ν = 0,
and ν = ±1 were also found16.
Theoretically, conductivity minima at ν = ±4 can be
understood in terms of single-electron physics1. How-
ever, the minima at ν = ±1, ±2, ±3 cannot be ex-
plained within single-particle theory, and the effects of
interactions should be taken into account. The nature
of the insulating states in MAtBLG was considered in
several papers5,6,8,9,11,14. Different types of spin density
wave (SDW) states5,9,11, as well as the ferromagnetic14
state have been proposed to be the ground state of the
system. Potential mechanisms of the superconductivity
(phonons4,12, electronic correlations5,7,10,11,13) as well as
various symmetries of the superconducting order param-
eters have been considered.
Neglecting the possibility of superconducting ordering,
in a previous work9, we assumed the multicomponent
SDW to be the ground state of MAtBLG in the dop-
ing range −4 < ν < 4. The structure of the SDW or-
der parameter, as well as the form of the renormalized
low-energy spectrum, was calculated9 for different dop-
ing levels within the framework of a numerical mean-field
approach. This allowed us to explain the appearance of
conductivity minima at integer valued ratio ν, consistent
with experiments1,2,16.
Since doping affects the mean-field band structure, the
dependence of the density of states (DOS) ρ versus the
single-electron energy E is sensitive to the doping level
of the MAtBLG sample. This theoretical observation9 is
supported by recent STM measurements17,18,21,22.
Further, we observed numerically9 that, at sufficiently
strong doping, the point symmetry of the electronic state
reduces from C6 (full hexagonal symmetry) down to C2,
giving rise to electron nematic state. References 17,18
published experimental claims of the nematicity obser-
vations in MAtBLG samples.
The striking agreement between our conclusions9 and
several independent experimental measurements testifies
in favor of the developed theoretical approach. To build
up upon this success, here we extend the study of Ref. 9.
In this paper we focus on the emergence, stability and
2manifestations of the electronic nematicity, demonstrat-
ing that nematic symmetry breaking is a robust feature
of the MAtBLG, stable against model modifications, such
as alterations of the interlayer hopping amplitudes. We
will also argue that the nematicity affects not only the
spatial distribution of the spin magnetization, but the
single-electron spectrum as well. Experimental implica-
tions of these findings are discussed.
The paper is organized as follows. In Section II the
geometry of the twisted bilayer graphene (tBLG) is out-
lined. In Section III we formulate our electronic model
and analyze the single-particle spectrum of the MAtBLG
for three different parametrizations of the interlayer hop-
ping amplitudes. We also present the general form of our
multicomponent SDW order parameter in this Section.
In Section IV we analyze the spatial distribution of the
SDW order parameter for different doping levels, while in
Section V we consider the properties of the renormalized
low-energy spectrum. Discussion of the results obtained
and the conclusions are given in Section VI. Details of
the numerical procedure used for the calculations of the
SDW order parameter are described in the Appendix.
II. GEOMETRY OF TWISTED BILAYER
GRAPHENE
In this Section we present some basic facts about the
geometry of twisted bilayer graphene, which are impor-
tant for further consideration (for more details, see, e.g.,
review papers 3,28). Each graphene layer in tBLG has a
hexagonal crystal structure consisting of two triangular
sublattices A and B. The coordinates of atoms in layer
1 on sublattices A and B are
r1An = r
1
n ≡ na1 +ma2 , r1Bn = r1n + δ , (1)
where n = (n, m) is an integer-valued vector,
a1,2 = a(
√
3,∓1)/2 (2)
are the primitive vectors, δ = (a1 + a2)/3 = a(1/
√
3, 0),
and a = 2.46 A˚ is the lattice constant of graphene. Atoms
in layer 2 are located at
r2Bn = r
2
n ≡ dez + na′1 +ma′2 , r2An = r2n − δ′ , (3)
where a′1,2 and δ
′ are the vectors a1,2 and δ, rotated by
the twist angle θ. The unit vector along the z-axis is ez,
the interlayer distance is d = 3.35 A˚. The limiting case
θ = 0 corresponds to the AB stacking.
Twisting produces moire´ patterns3, which can be seen
as alternating dark and bright regions in STM images.
Measuring the moire´ period L, one can extract the twist
angle according to the formula L = a/[2 sin(θ/2)]. Moire´
patterns exist for arbitrary twist angles. However, if the
twist angle satisfies the relationship
cos θ =
3m20 + 3m0r + r
2/2
3m20 + 3m0r + r
2
, (4)
(b)
FIG. 1: (a) The superlattice cell of the tBLG structure with
m0 = 10, r = 1 (θ ∼= 3.15
◦). Regions with almost AA, AB,
and BA stackings are indicated by arrows. (b) Brillouin zones
of layers 1 and 2 (big red and blue hexagons), as well as the
Brillouin zone of the superlattice (small thick green hexagon)
of the structure m0 = 1, r = 1 (θ ∼= 21.79
◦). Reciprocal
vectors of the superlattice, G1,2, Dirac points of layers 1 and
2, K, K′, Kθ , and K
′
θ, as well as symmetrical points of the
reduced Brillouin zone (Γ, M, K1,2) are also shown.
where m0 and r are co-prime positive integers, a super-
structure emerges, and a tBLG sample splits into a pe-
riodic lattice of finite supercells. The majority of the-
oretical papers assume the twist angle to be the com-
mensurate one, since only in this case one can work with
Bloch waves and introduce the quasimomentum. For the
commensurate structure described by m0 and r, the su-
perlattice vectors are
R1 = m0a1+(m0+r)a2, R2 = −(m0+r)a1+(m0+2r)a2,
(5)
3if r 6= 3n (n is an integer), or
R1 = (m0+n)a1+na2, R2 = −na1+(m0+2n)a2, (6)
if r = 3n. The number of graphene unit cells inside a
supercell is
Nsc = (3m
2
0 + 3m0r + r
2)/g (7)
per layer. The parameter g in the latter expression is
equal to unity when r 6= 3n. Otherwise, it is g = 3.
Note that, in the general case, the superlattice cell is
greater in size than the moire´ cell3,24. More precisely, the
superlattice cell of the structure with m0 and r contains
r2 moire´ cells if r 6= 3n, or r2/3 moire´ cells otherwise.
The arrangements of atoms in moire´ cells constituting
the superlattice cell are slightly different from each other.
Only when r = 1, the superlattice cell coincides with the
moire´ cell. In the present paper we consider only such
structures. When θ is small enough, the superlattice cell
can be approximately described as consisting of regions
with almost AA, AB, and BA stackings3,24. To illustrate
this fact, in Fig. 1(a) we present the supercell of the tBLG
structure with m0 = 10, r = 1 (these values of m0 and r
correspond to θ ∼= 3.15◦).
Let us now consider what happens in momentum
space. The reciprocal lattice primitive vectors for layer 1
(layer 2) are denoted by b1,2 (b
′
1,2). For layer 1 one has
b1,2 = (2π/
√
3,∓2π)/a , (8)
while b′1,2 are connected to b1,2 by a rotation of an angle
θ. Using the notation G1,2 for the primitive reciprocal
vectors for the superlattice, the following identities in
reciprocal space are valid:
b′1 = b1 + r(G1 + G2) , b
′
2 = b2 − rG1 , (9)
if r 6= 3n, or
b′1 = b1 + n(G1 + 2G2) , b
′
2 = b2 − n(2G1 + G2) , (10)
if r = 3n.
Each graphene layer in tBLG has a hexagonal-shaped
Brillouin zone. The Brillouin zone of the layer 2 is rotated
in momentum space with respect to the Brillouin zone
of layer 1 by the twist angle θ. The Brillouin zone of
the superlattice (reduced Brillouin zone, RBZ) is also
hexagonal-shaped, but smaller in size. It can be obtained
by Nsc-times folding of the Brillouin zone of the layer 1
or 2. Two non-equivalent Dirac points of the layer 1 are
K =
4π
3a
(0, 1), K′ =
4π
3a
(0,−1).
The Dirac points of the layer 2 are
Kθ =
4π
3a
(− sin θ, cos θ), K′θ =
4π
3a
(sin θ,− cos θ).
Band folding translates these four Dirac points to the two
Dirac points of the superlattice, K1,2. Thus, one can say
that Dirac points of the superlattice are doubly degener-
ate. Points K1 and K2 can be expressed via vectors G1,2
as
K1 =
1
3
(G1 + 2G2) , K2 =
1
3
(2G1 + G2) . (11)
A typical picture illustrating these three Brillouin zones,
the vectors G1,2, as well as main symmetrical points is
shown in Fig. 1(b).
III. MODEL HAMILTONIAN
We start from the following electronic Hamiltonian of
the tBLG:
H =
∑
nmij
srσ
t(risn ; r
jr
m)d
†
nisσdmjrσ + U
∑
nisσ
nnis↑nnis↓ +
1
2
∑′
nmij
srσσ′
V (risn − rjrm)nnisσnmjrσ′ . (12)
In this expression d†nisσ (dnisσ) are the creation (anni-
hilation) operators of the electron with spin σ (=↑, ↓) at
the unit cell n in the layer i (= 1, 2) in the sublattice
s (= A,B), while nnisσ = d†nisσdnisσ . The first term
in Eq. (12) is the single-particle tight-binding Hamilto-
nian with t(risn ; r
jr
m) being the amplitude of the electron
hopping from site in the position rjrm to the site in the
position risn . The second term in Eq. (12) describes the
on-site (Hubbard) interaction of electrons with opposite
spins, while the last term corresponds to the intersite
Coulomb interaction (the prime near the last sum in
Eq. (12) means that elements with risn = r
jr
m should be
excluded).
A. Hopping amplitude parametrization schemes
Let us consider first the single-particle properties of
MAtBLG. If we neglect interactions, the electronic spec-
trum of the system is obtained by diagonalization of the
first term of the Hamiltonian (12). The result depends on
the parametrization of the hopping amplitudes t(risn ; r
jr
m).
In this paper we keep only nearest-neighbor terms for
the intralayer hopping. The corresponding amplitude is
t = −2.57 eV.
Unlike the intralayer hopping, there is no universally
accepted parametrization scheme for the interlayer hop-
ping amplitudes. They are much weaker than the in-
tralayer amplitude t, and may be significantly affected by
numerous non-universal poorly controlled factors (elastic
deformations, relative layer sliding, disorder). To address
this uncertainty, we will study the model (12) with three
different parametrizations for the function t(r; r′). These
parametrizations, as well as the single-electron spectra
corresponding to them, are presented below.
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FIG. 2: (a) – (c) Energy spectra for θ = θc calculated for parametrization I (a), II.A (b), and II.B (c). The energy window
for panel (c) (parametrization II.B) is about two times larger than that for panels (a) and (c). (d) – (f) Fine structures of
the flat bands corresponding to panels (a) – (c), respectively. (g) – (j) Four flat low-energy bands calculated inside RBZ for
parametrization II.A. The color bar is the same for four plots [see panel (g)].
The parametrization I is rather simple. The func-
tion t(r; r′) is described by the following Slater-Koster29
formula for pz electrons (the corresponding contribution
from Vπ(r) is assumed to be neglegible.):
t(r; r′) =
[(r− r′)ez ]2
|r− r′|2 Vσ(r− r
′) , (13)
where
Vσ(r) = t0e
−(|r|−d)/r0Fc(|r|) , Fc(r) = 1
1 + e(r−rc)/lc
.
(14)
The cutoff function Fc(r) is introduced to nullify the
hopping amplitudes at distances larger than rc; and we
use rc = 4.92 A˚, lc = 0.2 A˚. The parameter t0 defines
the largest interlayer hopping amplitude. We choose
t0 = 0.37 eV (this value was used to describe the AB
bilayer graphene3). The parameter r0 describes how fast
the hopping amplitudes decay inside the region r < rc.
We choose r0 = 0.34 A˚.
The parametrization I, shown in Eqs. (13) – (14),
both with and without a cutoff function, is widely
used in the literature.9,26,30–32 However, in the limit-
ing case of AB bilayer (θ = 0), Eqs. (13) – (14) can-
not correctly reproduce the Slonczewski-Weiss-McClure
(SWMc) parametrization. Indeed, the AB bilayer has
three distinct nearest-neighbor interlayer hopping ampli-
tudes: t0 (hopping from site 1A to the nearest site 2B),
γ3 (hopping from 1B to 2A), and γ4 (hopping from 1A
to 2A and from 1B to 2B). The parametrization I gives
γ3 = γ4, while experiment shows
33,34 that γ3 > γ4.
To comply with the SWMc scheme, we consider yet
other parametrization, designated below as ‘parametriza-
tion II’. It is a more sophisticated approach, initially pro-
posed in Ref. 35. Parametrization II takes into account
the environment dependence of the hopping. That is, the
5t0 θc W ∆u ∆d
Par. I 0.37 eV 1.08◦ 1.8meV 2.7meV 2.3meV
Par. II.A 0.21 eV 1.08◦ 4.8meV 17.5meV 15.5meV
Par. II.B 0.37 eV 1.89◦ 9.4meV 33.2meV 27.1meV
TABLE I: Various single-electron characteristics of the MAt-
BLG spectrum for three parametrizations of the interlayer
hopping.
electron hopping amplitude connecting two atoms at po-
sitions r and r′ depends not only on the difference r− r′,
but also on positions of other atoms in the lattice. Ex-
tra flexibility of the formalism becomes useful when the
tunneling between r and r′ is depleted by nearby atoms,
which act as obstacles to a tunneling electron. For tBLG,
the parametrization II was used in Refs. 27,36,37, among
other papers.
To use parametrization II for MAtBLG, values of sev-
eral fitting parameters have to be assigned. We choose
them in such a way as to correctly describe the case of the
AB bilayer, with γ3 > γ4 (details can be found in our pre-
vious paper Ref. 27). One of the fitting parameters is t0:
the largest interlayer hopping amplitude. It also scales all
other interlayer hopping amplitudes. We perform all cal-
culations for two versions of parametrization II denoted
below as II.A and II.B. They have different values of t0.
All other fitting parameters are identical for II.A and
II.B. Specifically, for the parametrization II.A we assign
t0 = 0.21 eV to guarantee that the angle θc is the same
for both II.A and I (the precise definition of θc will be
given below, in the next subsection). For parametriza-
tion II.B the value of t0 is the same as for parametriza-
tion I: t0 = 0.37 eV. In other words, the overall interlayer
tunneling energy scale is the same for both I and II.B.
However, the values of θc for these parametrizations de-
viate significantly from each other.
B. Single-particle spectrum of MAtBLG
Once a specific parametrization is chosen, the single-
electron part of our model may be diagonalized, and
its single-electron spectrum may be found. Regardless
of the type of the parametrization, the tBLG spectrum
has common features. For each superstructure (m0, r),
the tBLG spectrum consists of 4Nsc energy bands E
(S)
0k
with quasimomentum k lying inside the reduced Brillouin
zone, and 1 ≤ S ≤ 4Nsc. For given k,the energies E(S)0k
are arranged in ascending order.
When the twist angle is not too small, the spectrum
at low energies consists of two doubly degenerate Dirac
cones located near the RBZ Dirac points K1 and K2.
These Dirac cones intersect at energies above and below
the cone apex energy giving rise to the low-energy van
Hove singularities.
The interlayer hybridization renormalizes the Fermi
velocity of the Dirac cones, making it smaller than the
Fermi velocity of the single-layer graphene. At not-too-
small θ, the renormalized velocity decreases when θ de-
creases24,38. The energies of the van Hove singularities
demonstrate a similar dependence on θ.
The Dirac cones inherited from two graphene sheets
are hosted by four bands E
(S)
0k , with S = 2Nsc −
1, 2Nsc, 2Nsc+1, 2Nsc+2. Since in a pristine or weakly
doped sample these are the single-electron states clos-
est to the Fermi energy, the low-temperature properties
of the MAtBLG are controlled by these bands. Conse-
quently, their total width W defined as
W = max
k
(E
(2Nsc+2)
0k )−min
k
(E
(2Nsc−1)
0k ) (15)
is an important characteristics of the MAtBLG spectrum.
As long as the twist angle is not too small, W decreases
with decreasing θ.
Both numerical and analytical studies demonstrate
that both the Fermi velocity and the width W may ex-
perience substantial reduction. Yet the tBLG formally
remains a semimetal at the charge neutrality point. How-
ever, at some critical twist angle θc the system acquires a
Fermi surface even at zero doping. For θ < θc the tBLG
remains in a formally metallic state.
The value of θc is not universal, and depends on partic-
ulars of the interlayer tunneling. For parametrizations I
and II.A one has θc ∼= 1.08◦ [(m0, r) = (30, 1)]. For
parametrization II.B, the Fermi surface arises at larger
angle, θc ∼= 1.89◦ [(m0, r) = (17, 1)]. With further de-
crease of the twist angle, the bandwidth W becomes an
oscillating function of θ. For all three parametrizations
under study, the width W has a minimum at θ = θc.
For each parametrization, the numerical calculations pre-
sented below were performed at θ = θc (one must remem-
ber that θc is a parametrization-specific quantity).
Formally speaking, our θc differs from the common def-
inition of the first magic angle introduced in Ref. 38 Ac-
cording to the latter, the first magic angle corresponds to
nullification of the Fermi velocity at the Dirac points, yet,
in our study this velocity remains non-zero when θ = θc.
While both definitions give similar values of the twist an-
gle, these values are not identical. We choose to work in
the regime of smallestW since the logic of the mean-field
approximation suggests that this regime corresponds to
the largest condensation energy.
The low-energy structure of the numerically calculated
spectra at θ = θc, are shown in Figs. 2(a) – (c) for all three
parametrizations. The finer details for the flat bands
E
(S)
0k may be examined in Figs. 2(d) – (f). We show the
bands along the contour Γ → K1 → M → Γ. Quali-
tatively, the low-energy spectra for all parametrizations
look very similar. We see a Dirac cone near point K1, lo-
cal extrema near theM point, and complicated behavior
on the line M→ Γ.
On the quantitative level, however, the characteristics
of the low-energy bands are different. For example, the
bandwidth W for the parametrization II.B is about 6
6times larger than that for the parametrization I, and
about 2 larger than that for the parametrization II.A.
Other important parametrization-dependent quantities
are the energy gaps separating the flat bands E
(S)
0k from
dispersive bands at higher and lower energies. Formally
speaking, these gaps can be defined as
∆d = max
k
(E
(2Nsc−2)
0k )−min
k
(E
(2Nsc−1)
0k ),
∆u = max
k
(E
(2Nsc+2)
0k )−min
k
(E
(2Nsc+3)
0k ). (16)
Our numerical data demonstrates that the values of ∆u
and ∆d for parametrizations II.A and II.B exceed the
values for the parametrization I by order of magnitude.
The characteristics of the low-energy spectra for all three
parametrizations at θ = θc are summarized in Table I.
Finally, let us briefly discuss the symmetry proper-
ties of the flat bands. Figures 2(g) – (j) show the low-
energy spectra calculated inside the reduced Brillouin
zone for parametrization II.A. We see that the spectra
have hexagonal symmetry. Spectra are also symmetric
under reflections with respect to the axes parallel and
perpendicular to G1, G2, and G1 +G2. All these sym-
metries are observed also for the other parametrizations
as well. However, below we will see that the symmetry
of the low-energy spectra can be reduced if we include
interactions into account.
C. Structure of the SDW order parameters
The system having flat bands intersecting the Fermi
level is very susceptible to interactions. The interactions
are described by the second and the third terms in the
total Hamiltonian (12). These terms represent the on-
site and intersite Coulomb repulsion. Interactions spon-
taneously break symmetries of the single-particle Hamil-
tonian generating a finite order parameter. We assume
here that this order parameter is a spin density wave.
This choice is not arbitrary. As it was shown in many
papers (see, e.g., Refs. 24,25,27) that at small twist an-
gles electrons at the Fermi level occupy mainly the re-
gions with almost perfect AA stacking within a supercell.
At the same time, it was demonstrated theoretically39–42
that the ground state of the AA stacked bilayer graphene
should be antiferromagnetic. For this reason we believe
that the SDW should be a good candidate for the ground
state of the MAtBLG.
Our SDW order parameter is a multicomponent one.
First, it contains terms proportional to the on-site ex-
pectation values of electrons with opposite spins. To be
more specific, we define
∆nis = U〈d†nis↑dnis↓〉 . (17)
These components are controlled by the Hubbard in-
teraction. We take U = 2t. This value is somewhat
smaller than the critical value for a single-layer graphene
transition into a mean-field antiferromagnetic state43,
Uc = 2.23t. Thus, our Hubbard interaction is rather
strong, but not too strong to open a gap in the single
layer graphene.
Next, we include the intralayer nearest-neighbor SDW
order parameter. In a graphene layer, each atom in
one sublattice has three nearest-neighbors belonging to
another sublattice. For example, an atom on sublat-
tice B has three nearest neighbors on sublattice A. For
this reason we consider three types of intralayer nearest-
neighbor order parameters, A
(ℓ)
niσ (ℓ = 1, 2, 3), corre-
sponding to three different links connecting the nearest-
neighbor sites. These order parameters are defined as
follows
A
(ℓ)
niσ = Vnn〈d†n+nℓiAσdniBσ¯〉 , (18)
where n1 = (0, 0), n2 = (1, 0), n3 = (0, 1), σ¯ = −σ, and
Vnn = V (|δ|) is the in-plane nearest-neighbor Coulomb
repulsion energy. We take Vnn/U = 0.59, in agreement
with Ref. 44.
Finally, we consider the interlayer SDW order param-
eter. It is defined as follows
Brsm;nσ = V (r
1r
m − r2sn )〈d†m1rσdn2sσ¯〉 . (19)
For calculations we assume that Brsm;nσ is non-zero only
when sites r1sm and r
2r
n are sufficiently close. Namely, if
the hopping amplitude connecting r1sm and r
2r
n vanishes,
then the parameter Brsm;nσ is zero. The number of non-
zeroBrsm;nσ depends on the type of the hopping amplitude
parametrization. For parametrizations II.A and II.B we
have up to three non-zero Brsm;nσ for a given n, r, s, and
σ. For parametrization I we have up to 9 such Brsm;nσ.
Assuming screening is small at short distances we mod-
ulate the function V (r) in Eq. (19) as V (r) ∝ 1/|r| with
V (d) = Vnn|δ|/d = 0.25U .
We assume superlattice periodicity for all three types
of SDW order parameters. A superlattice translation pre-
serves the SDW texture. With this constraint we write
down the system of mean-field equations for the functions
∆nis, A
(ℓ)
niσ, and B
rs
m;nσ, and solve it numerically for dif-
ferent doping levels, n varying from −4 to +4 extra elec-
trons per supercell. Details of the calculation procedure
are given in the Appendix.
IV. RESULTS: SPATIAL DISTRIBUTIONS OF
SDW ORDER PARAMETERS.
In this section we present the results of our calculation
of the SDW order parameters and analyze their sym-
metry properties. The spatial distribution of the order
parameters inside the superlattice cell is different for dif-
ferent doping levels. However, it turns out that for given
doping the properties of the order parameters are very
similar for three parametrizations used.
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FIG. 3: Characteristics of the SDW order at the charge neutrality point. (a) – (c) Spatial distributions of the absolute values
of the on-site order parameter ∆n1s in the layer 1, Eq. (17), calculated for parametrizations I (a), II.A (b), and II.B (c).
Since different parametrizations have different values of θc, superlattice cell area for parametrization II.B is about four times
smaller than that for parametrizations I and II.A. (d) – (f) Spatial distributions of the in-plane (layer 1) order parameter
A
(ℓ)
n1 = |A
(ℓ)
n1↑ + A
(ℓ)∗
n1↓ | for ℓ = 1 (d), ℓ = 2 (e), and ℓ = 3 (f), calculated for parametrization I. (g) – (i) Spins on the links,
Eq. (21), corresponding to order parameters A
(ℓ)
niσ with ℓ = 1 (g), ℓ = 2 (h), and ℓ = 3 (i), calculated for parametrization I.
Only AA region of the superlattice cell is shown.
A. Charge neutrality point
We start from the charge neutrality point. Fig-
ures 3(a) – (c) show the color plots of the spatial distribu-
tion of the absolute values of the on-site order parameter
in the layer 1, |∆n1s|, calculated for three parametriza-
tions. Similar structures are observed for the layer 2. We
see that the maximum values of the ∆n1s are different
for the three parametrizations, but the plots themselves
look very similar. The maxima of ∆n1s are located in the
center of the AA region of the superlattice cell [c.f. with
Fig. 1(a)]. The order parameter ∆nis defines the spin on
a site in position n, layer i, and sublattice s as follows
(a planar spin configuration is assumed. Several simula-
tions allowing for the z component of the spins showed
that these components are negligible):
Snis =
1
U
(Re∆nis, Im∆nis, 0) . (20)
It turns out that at the charge neutrality point all these
spins are collinear. If in the layer 1 and sublattice A
(and in the layer 2 and sublattice B) they point in one
direction (along x axis), then in the layer 1 and sublattice
B (and in the layer 2 and sublattice A) they point in the
opposite direction. Thus, we have the antiferromagnetic
ordering of spins.
Let us now visualize the intralayer nearest-neighbor
order parameters A
(ℓ)
n1σ. Using these quantities one can
define the spins on the link connecting nearest-neighbor
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FIG. 4: Characteristics of the SDW order at the half-filled state (ν = 2). (a) Spatial distribution of |∆n1s| calculated for
parametrization I. Similar pictures are obtained for parametrizations II.A and II.B. (b) – (c) Orientations of the on-site spins,
Eq. (20), in the layer 1, sublattice A (b) and B (c) shown inside the AA region of the supercell (parametrization I). (d) – (f)
Spatial distributions of A
(ℓ)
n1 = |A
(ℓ)
n1↑ + A
(ℓ)∗
n1↓ | for ℓ = 1 (d), ℓ = 2 (e), and ℓ = 3 (f), calculated for parametrization I. (g) – (i)
Spins on the links corresponding to the order parameters A
(ℓ)
niσ, with ℓ = 1 (g), ℓ = 2 (h), and ℓ = 3 (i), shown inside the AA
region of the superlattice cell.
sites in each layer as follows:
S
(ℓ)
ni ≡
1
2
∑
σσ′
σσσ′ 〈d†n+nℓiAσdniBσ′ 〉+ c.c. (21)
=
1
Vnn
(
Re[A
(ℓ)
ni↑ +A
(ℓ)
ni↓], Im[A
(ℓ)
ni↑ −A(ℓ)ni↓], 0
)
,
where σ is a three-component vector composed of the
Pauli matrices. The quantity A
(ℓ)
n1 = |A(ℓ)n1↑ + A(ℓ)∗n1↓ | is
proportional to the absolute values of S
(ℓ)
ni calculated in
the layer 1 for parametrization I. The spatial distribu-
tions of A
(ℓ)
n1 are shown in Figs. 3(d) – (f) for all three
possible values of ℓ. The distributions are shaped like
dumbbells localized in the AA region of the superlattice.
The orientations of these dumbbells are different for dif-
ferent orientations of the carbon-carbon links. Similar
figures are obtained for other two parametrizations. The
directions of the vectors S
(ℓ)
ni inside the AA region are
shown in Figs. 3(g) – (i). We see that all spins S
(ℓ)
ni are
collinear; but if in one part of a dumbbell they point in
one direction, then in another part of the dumbbells they
are oriented in the opposite direction.
Absolute values of the order parameters A
(ℓ)
niσ are sev-
eral times smaller than that for ∆nis. Our calculations
show that the interlayer order parameters Brsm;nσ are one
order of magnitude smaller than A
(ℓ)
niσ; thus, we do not
discuss them here in details.
We now demonstrate that the calculated SDW mag-
netization texture has the same geometrical symmetries
as the tBLG superstructure. We start with the following
observation about the tBLG lattice symmetry. The cen-
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FIG. 5: Mirror symmetries of the tBLG. Point RAA = (R1 +
R2)/3 is the center of the AA region of the superlattice cell.
The solid (blue) lines represent carbon-carbon bonds in the
(rotated) top layer, dashed (red) lines correspond to the bonds
in the (immobile) bottom layer. The circles represent carbon
atoms. Thin dashed (black) lines are the reflection axes. It
is easy to see from this figure that a reflection relative to any
of these axes, accompanied by exchange of the layers, leaves
the tBLG lattice unchanged.
ter of the AA region of the superlattice cell is located at
RAA = (R1+R2)/3. For the r = 1 superstructures con-
sidered here, one can prove using Eqs. (2), (4), and (5)
that
RAA = m0a2 − a1 + 2
3
δ = m0a
′
2 +
1
3
δ
′ . (22)
It is easily seen from this equation that the point RAA is
located at the center of the hexagons of both layers. This
means that the tBLG lattice is invariant under a rotation
by 60◦ around the axis perpendicular to the layers and
passing through point the RAA.
Further, the tBLG lattice also has mirror-like symme-
tries. Indeed, the lattice remains invariant if one ex-
changes layers and then performs a reflection with respect
to a certain axis in the xy-plane passing through point
RAA, see Fig. 5. There are six such axes. They cross the
x-axis at 30◦p+ θ/2, where p = 0, 1, . . . , 5. Since for the
considered superstructures the twist angle is small, any
mirror symmetry axis is either approximately parallel to
R1, R2, or (R1 − R2), or approximately perpendicular
to one of these vectors.
One can easily see from Figs. 3(a) – (f) that the SDW
order parameters are invariant with respect to all geomet-
rical symmetries of the tBLG lattice. Indeed, the on-site
order parameter does not change under the action of the
rotations and reflections mentioned above, while the in-
tersite order parameters A
(ℓ)
ni either remain invariant or
convert into A
(ℓ′)
ni , with ℓ
′ 6= ℓ.
B. Half-filled state
Our simulations show that doping of the system away
from the charge neutrality point spontaneously reduces
the symmetry of the SDW order parameters. For illustra-
tion of this fact we consider only the case of half-filling,
which corresponds to 2 extra electrons or extra holes per
supercell. Electron and hole dopings are equivalent at
the qualitative level; thus, for definiteness, we consider
electron doping. Figure 4(a) shows the spatial distribu-
tion of |∆n1s|, calculated for parametrization I. A similar
pattern is observed in layer 2. We see that in contrast to
Fig. 3(a) the spatial profile becomes uniaxialy stretched.
The stretching axis is (approximately) parallel to the vec-
tor (R1 + R2). As a result of this distortion, the 60
◦
rotation is no longer system’s symmetry. However, the
spatial profile is still symmetric under the 180◦ rotation
around RAA. Regarding the mirror symmetry, only axes
parallel and perpendicular to (R1−R2) remain the mir-
ror symmetry axes. Another difference in comparison to
the charge-neutrality point is that the on-site spins are no
longer collinear, even though an antiferromagnetic type
configuration is preserved, see Figs. 4(b) – (c).
The change in the inter-site order parameters under
doping is even more dramatic: the spatial profile for
A
(ℓ)
n1 with ℓ = 2 does not have the form of a dumb-
bell, Fig. 4(d), and it is different from that for ℓ = 1
and ℓ = 3, Figs. 4(e), (f). However, the 180◦ rotation
symmetry endures for all three types of intersite order
parameters. Moreover, the symmetry under the reflec-
tion with respect to the axis parallel to (R1 − R2) also
remains unbroken. This reflection transforms the profiles
shown in Figs. 4(e), (f) into each other, while the profile of
Fig. 4(d) is unchanged. Likewise, one can argue that the
line perpendicular to (R1−R2) is also a valid symmetry
axis for the inter-site texture. Finally, our calculations
demonstrate that vectors S
(ℓ)
n1 are no longer collinear, and
their textures have a complicated structure.
Thus, at half-filling the symmetry of the order parame-
ters is partially reduced. Reduction of the rotation sym-
metry indicates spontaneous formation of the electron
nematic state. The nematicity of the ordered state in
doped MAtBLG is a robust property which does not re-
quire fine-tuning. Indeed, the rotation symmetry of the
order parameter is lowered for all three parametrizations
studied in this paper.
V. RESULTS: THE LOW-ENERGY BAND
STRUCTURE
A. Symmetry of the mean-field low-energy spectra
If interactions are neglected, the tBLG single-electron
states are doubly degenerate. The SDW order param-
eters lift the spin degeneracy. As a result, at low en-
ergies we have eight non-degenerate flat bands. The
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FIG. 6: Mean-field low-energy spectra calculated at different integer-valued doping levels for parametrizations I [(a) – (d)]
and II.B [(e) – (h)]. Doping levels are: ν = 0 [(a), (e)], ν = 1 [(b), (f)], ν = 2 [(c), (g)], and ν = 3 [(d), (h)]. The red thick arrow
near the E/t axis marks the position of the Fermi level.
degeneracy-lifting patterns for different doping levels and
parametrizations are illustrated by plots in Figs. 6(a) –
(h) which show the low-energy spectra inside a reciprocal
supercell (this data will be discussed in detail in subsec-
tion VB, see also Ref. 9).
However, the lifting of the spin degeneracy is not the
only consequence of the SDW ordering. The geometri-
cal symmetries of the order parameter affect the symme-
tries of the single-electron mean-field spectrum as well.
The plots in Figs. 6 are not convenient for discussion of
this issue. Let us instead analyze Figs. 7(a) – (d), which
present individual color plots of the mean-field bands cal-
culated at different doping levels inside the RBZ [similar
data for the non-interacting case is shown in Figs. 2(g) –
(j)]. We start from the charge neutrality point. At zero
doping, the low-energy band structure consists of two
groups of nearly degenerate bands, with four bands each,
see Figs. 6(a,e). Such a group will be called a quartet9.
Since the bands constituting a quartet are almost degen-
erate, it is sufficient to choose a single band to represent
a given quartet. Of four bands in each quartet, the bands
closest to the Fermi level are shown in Fig. 7(a) – (b). We
see that these plots have the same symmetries as those
in the single-particle approximation, Figs. 2(g) – (j). In-
deed, the bands shown in Figs. 7(a) – (b) are symmetric
under rotation around the Γ point on 60◦. They also have
six mirror symmetry axes, parallel and perpendicular to
G1, G2, and (G1 + G2). The other bands in quartets
all have the same symmetries, independent of a specific
parametrization.
Doping reduces the symmetry of the SDW order pa-
rameters. As a result, the symmetry of the mean-field
spectra is also reduced. To illustrate this, in Figs. 7(c) –
(d) we present color plots of two low-energy bands closest
to the Fermi level (one is filled, the other is empty) cal-
culated for parametrization II.A at doping ν = −2. The
spectra now do not exhibit hexagonal symmetry, but they
are still symmetric under a 180◦ rotation around the Γ
point. There are also two mirror symmetry axes, par-
allel and perpendicular to G1 + G2. Similar pictures
are observed for electron doping and for the two other
parametrizations.
B. Mean-field low-energy spectra: evolution with
doping
We reported previously9 that the structure of the low-
energy single-electron spectrum strongly depends on the
doping level. The study in Ref. 9 was performed for a
single parametrization (the parametrization employed in
Ref. 9 is a version of parametrization I). Below we will
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FIG. 7: Color plots of the mean-field low-energy bands closest to the Fermi level calculated at the charge neutrality point
[panels (a) and (b)] and at ν = −2 [panels (c) and (d)]; parametrization II.A. Each plot has its individual color bar.
extend that analysis by comparing spectra calculated for
different parametrizations. Our main findings are sum-
marized in Figs. 6(a) – (h). These show the spectra inside
a reciprocal supercell (centered at Γ point) calculated for
parametrizations I and II.B at four integer-valued doping
levels ν = 0, 1, 2 , 3. The structures for negative doping
levels n are very similar to that for positive dopings |n|.
For fixed doping, change of parametrization does
not introduce qualitative modifications to the spectrum.
However, several quantitative features are sensitive to the
parametrization choice. At the charge neutrality point,
the eight low-energy bands split into two quartets. Ex-
cept for a small vicinity of the Γ point, the energy ∆s
separating the quartets is almost constant everywhere
in the RBZ. The specific value of ∆s depends on the
parametrization: for case I one has ∆s ≈ 15meV. A sim-
ilar value (∆s ≈ 14meV) was found for parametrization
II.A. At the same time, for the case II.B this quantity is
significantly larger ≈ 40meV.
The quartets touch each other near the Γ point for
the case I, otherwise, the quartets remain separated in
the whole RBZ [c.f. Fig. 6(a) and 6(e)], but near the Γ
point the band splitting is smaller than in the rest of the
Brillouin zone.
For ν = ±1, each quartet splits into a group of three
bands (a triplet) and a single band (a singlet), with the
chemical potential in the (partial) gap between the triplet
and the singlet. At half-filling (ν = ±2) each quartet is
transformed into two doublets. The chemical potential
is between the doublets. When we have three extra elec-
trons (or extra holes) per supercell, ν = ±3, the upper
(lower) quartet is separated into the doublet and two
upper (lower) singlets. For electron (hole) doping, the
chemical potential lies between the upper (lower) sin-
glets.
As one can see from Fig. 6(h), for parametrization II.B
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at |ν| ≈ 3, the band warping becomes comparable to the
band splitting. This effect is even more pronounced for
parametrization II.A. Finally, we note that the (approx-
imate) band degeneracy at the Γ point persists for all
parametrizations and all levels of doping.
As a result of the doping-induced band structure recon-
struction, the density of states at the Fermi energy ρ(εF )
becomes a non-monotonic function of n, see Fig. 8. One
observes that the density of states has a local minimum
near or at the integer value of ν for all three parametriza-
tions. At the same time, the dependence of ρ(εF ) on n is
sensitive to details of the interlayer hopping. For exam-
ple, the minimum at ν = 3 is very shallow in panel (b)
of Fig. 8, it is more pronounced in panels (c), and in
panel (a) the density of state drops to zero at ν = 3.
VI. DISCUSSION
Thus, doping of the system away from the charge neu-
trality point reduces the symmetry of both the order
parameters and the electronic spectrum giving rise to
the SDW-driven electronic nematic state. The SDW or-
der parameters monotonically decrease when doping goes
away from zero. Our calculations show that for doping
|ν| . 0.5, the nematicity is virtually absent. At larger
doping it starts growing and achieves maximum at half-
filling, that is for 2 extra electrons or holes per supercell.
With further increase of doping the nematicity decays,
and at |ν| ≈ 4 it vanishes together with SDW order pa-
rameters.
Nematicity reveals itself in symmetry reduction of both
the SDW order parameters and the electron spectrum. It
is clear that an asymmetry in the order parameters in-
duces also an asymmetry in the electron density, which
can be seen in STM measurements. This effect was ex-
perimentally observed in Refs. 17,18. In these experi-
ments, the bright spots in STM images, corresponding
to the AA regions of the lattice, were unidirectionally
stretched. Moreover, the triangular moire´ superlattice
was asymmetric. Ref. 18 reported that strongest ne-
maticity of STM images was observed near half-filling, in
agreement with our findings. Nematicity of the MAtBLG
electron spectrum has not been measured yet. It can
be observed, e.g., by ARPES or implicitly by direction-
dependent transport measurements.
Our calculations demonstrate that nematicity of the
order parameters and the energy spectra is very robust
to the change of the hopping amplitude parametrization.
This indicates that the nematic state is not an artifact
of some “lucky” model or parameter choice. Rather, it is
an inherent feature of the MAtBLG.
We observed that the low-energy band structure sub-
stantially depends on the doping level. As a result of
the doping-induced spectrum reconstruction, the density
of states at the Fermi level ρ(εF ) passes through min-
ima at (or close to) integer-valued ν’s. Such a behavior
was experimentally observed in Refs. 17,21,22 [see, e.g.,
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FIG. 8: The density of states at the Fermi level ρ(εF ) as a
function of doping n, for different parametrizations: panel (a)
corresponds to parametrization I, panels (b) and (c) represent
the results for the cases II.A and II.B. Colored rectangles
mark the areas near integer values of ν = n/(ns/4). For all
parametrizations, the density of states has local minima near
or at integer ν. At the same time, finer details of ρ(εF ) are
sensitive to the particulars of the interlayer hopping. Specifi-
cally, the precise locations and the depth of a given minimum
varies among the various parametrizations.
Fig. 3(a) of Ref. 21 or Fig. 3(e) of Ref. 22]. On the
theory side, we reported similar findings in Ref. 9 for a
single specific interlayer parametrization. In the present
paper, we extend our previous study to test three more
parametrizations, see Fig. 8. This is important, since no
interlayer tunneling model is universally accepted, and
such an investigation allows us to understand, what phys-
ical properties of the MAtBLG are stable against model
variations, and what properties are fragile and require
fine-tuning.
Comparing graphs for ρ(εF ) versus n calculated for
different interlayer tunneling parametrizations, we learn
an important lesson. On these graphs, the visibility of a
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specific minimum is a non-universal quantity, sensitive to
the model details. This was illustrated in Sec. VB with
the discussion of the minimum at ν = 3. Other minima
at odd values of ν demonstrate similar non-universality.
The peaks at ν = 0,±2 are not immune to the model
modifications either although to a lesser extent. We be-
lieve that the manifestation of this sensitivity might ex-
plain the sample-to-sample variation of the conductivity
minima observed experimentally. Indeed, in Fig. 1 (c) of
Ref. 16 all minima are discernible, in Fig. 2 (a) of Ref. 1
the minimum at ν = −1 is absent, while the minimum
at ν = 1 is extremely weak.
According to our calculations, the system can be in-
sulating only at the charge neutrality point. Indeed, for
parametrizations II.A and II.B we see that ρ(εF ) = 0
when n = 0 [for parametrization I the MAtBLG remains
formally metallic ρ(εF ) > 0 even when n = 0, c.f. pan-
els (a) and (e) of Fig. 6]. At other integer-valued ν’s, the
mean-field ground state is always metallic: the bands in
the upper and lower quartets are not well separated in
the whole RBZ for any doping levels (see Fig. 6). Exper-
imentally1,16, however, the state at even ν demonstrates
insulating properties. This discrepancy can be an arti-
fact of the approximation used. First, we consider only
short-range order parameters. Second, for these order
parameters a superlattice periodicity was assumed, that
is, no extra periodicity emerged as in usual antiferro-
magnets. Removing any of these constrains will lead to
a significant increase of computation costs.
More generally, the doping-induced reconstruction of
the spectrum affects not only ρ(εF ), but changes the
whole curve ρ(E) versus energy E. This dependence
was indeed observed in recent experiments, Refs. 17,18,22
[see, e.g., sequence of dI/dV curves presented in Fig. 4(a)
of Ref. 17]. The band splitting of two quartets, existed
at the charge neutrality point, ∆s, can be used as a char-
acteristic energy scale of the low-energy band structure.
Our calculations give an estimate for ∆s, ranging from
about 15meV to about 40meV, depending on the inter-
layer hopping amplitude parametrization (see Sec. VB).
Such estimates are in agreement with experimental data
in Refs. 17,18,21–23.
In conclusions, we studied the properties of the magic-
angle twisted bilayer graphene in the doping range from
−4 to +4 electrons per supercell. A spin density wave
is assumed to be the ground state of the system in the
whole doping range. Doping the system away from the
charge neutrality point reduces the symmetry of the or-
der parameters, giving rise to the SDW driven electron
nematic state. Nematicity is largest near half-filling (2
electrons or holes per supercell). The spatial profile of
the SDW order parameters and nematicity of the elec-
tron spectrum are robust to the change of the interlayer
hopping amplitudes parametrization. Our theoretical re-
sults are consistent with several experiments.
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Appendix A: Calculation procedure of the SDW
order parameters
Here we present the details of the iteration scheme
for calculating the SDW order parameters. The total
Hamiltonian is given by Eq. (12). It can be rewritten
as H = H0 + Hint, where H0 is the single-particle part
corresponding to the first term of H , while Hint includes
the second and third terms of H . The interaction Hamil-
tonian is quadrilinear in terms of electronic creation and
annihilation operators. In the mean-field approximation
used here, the following decoupling is explored:
d†nisσdnisσd
†
mjrσ′dmjrσ′→−d†nisσdmjrσ′ 〈d†mjrσ′dnisσ〉 −
−d†mjrσ′dnisσ〈d†nisσdmjrσ′ 〉+〈d†nisσdmjrσ′ 〉〈d†mjrσ′dnisσ〉.
(A1)
Assuming that non-zero expectation values are only in-
volved in Eqs. (17), (18), and (19) for the SDW order pa-
rameters, we obtain for the mean-field interaction Hamil-
tonian:
HMFint = −
∑
nis
(
∆∗nisd
†
nis↑dnis↓ + h.c.
)
+
∑
nis
|∆nis|2
U
−
∑
niℓσ
(
A
(ℓ)∗
niσ d
†
n+nℓiAσ
dniBσ¯ + h.c.
)
+
∑
niℓσ
|A(ℓ)niσ|2
Vnn
−
∑
nm
rsσ
(
Brs∗m;nσd
†
m1rσdn2sσ¯ + h.c.
)
+
∑
nm
rsσ
|Brsm;nσ|2
V rsmn
,
(A2)
where V rsmn = V (r
1r
m−r2sn ). The total mean-field Hamilto-
nian HMF = H0+H
MF
int is quadratic in terms of electron
operators, and can be diagonalized. However, the rank
NR of the matrix to be diagonalized is too large for ef-
fective code implementation [NR = 8Nsc with Nsc from
Eq. (7). For parametrization II.B, we have NR = 7352,
while for parametrizations I and II.A NR = 22328]. For
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this reason we do the following trick similar to that pro-
posed in Ref. 45 for finding the low-energy spectrum of
the tBLG. We consider new electronic operators
dpGisσ =
1√N
∑
n
e−i(p+G)r
i
ndnisσ , (A3)
where N is the number of graphene unit cells in the sam-
ple in one layer, the momentum p lies in the first Bril-
louin zone of the superlattice, while G = nG1 +mG2 is
the reciprocal vector of the superlattice lying in the first
Brillouin zone of the ith layer. The number of such vec-
tors G is equal to Nsc for each graphene layer. In terms
of dpGisσ , the single-particle Hamiltonian becomes
H0 = −t
∑
pGiσ
(
f ip+Gd
†
pGiAσdpGiBσ + h.c.
)
+ (A4)
∑
pG1G2
srσ
[
tsr⊥ (p+G1;G1−G2)d†pG
1
1sσdpG
2
2rσ + h.c.
]
.
Here
f1p = 1 + e
−ipa
1 + e−ipa2 ,
f2p = 1 + e
−ipa′
1 + e−ipa
′
2 , (A5)
and
tsr⊥ (p;G) =
1
Nsc
∑′
nm
e−ip(r
1
n−r
2
m)e−iGr
2
mt(r1sn ; r
2r
m) ,
(A6)
where the summation symbol with prime
∑′
nm implies
that m runs over sites inside the zeroth supercell, while
n runs over all sites in the sample. The first term in
Eq. (A4) corresponds to the intralayer nearest-neighbor
hopping, while the second term describes the interlayer
hopping. In terms of operators dpGisσ, the mean-field
interaction Hamiltonian can be written as
HMFint = −
∑
pG1G2
isσ
[(
1
Nsc
∑
n
∆∗nise
−i(G1−G2)r
i
n
)
d†pG
1
is↑dpG
2
is↓ + h.c.
]
+
∑
nis
|∆nis|2
U
−
−
∑
pG1G2
iσ
[(
1
Nsc
∑
mℓ
A
(ℓ)∗
miσe
−i(p+G1)r
i
nℓ e−i(G1−G2)r
i
m
)
d†pG
1
iAσdpG
2
iBσ¯ + h.c.
]
+
∑
niℓσ
|A(ℓ)niσ|2
Vnn
−
∑
pG1G2
rsσ
[(
1
Nsc
∑
nm
Brs∗m;nσe
−i(p+G1)(r
1
n−r
2
m)e−i(G1−G2)r
2
m
)
d†pG
1
1rσdpG
2
2sσ¯ + h.c.
]
+
∑
nm
rsσ
|Brsm;nσ|2
V rsmn
. (A7)
Using the operators dpGisσ we construct the NR-
component vector
Ψ†p = (ψ
†
p1↑, ψ
†
p2↑, ψ
†
p1↓, ψ
†
p2↓), (A8)
ψ†piσ = (d
†
pG
1
iAσ, d
†
pG
1
iBσ, . . . , d
†
pGNsciAσ
, d†pGNsciBσ
).
In terms of this vector, the total mean-field Hamiltonian
HMF can be written as HMF =
∑
pΨ
†
pHˆpΨp, where
Hˆp is the NR × NR matrix constructed from f ip+G,
tsr⊥ (p + G1;G1 − G2), ∆nis, A(ℓ)niσ , and Brsm;nσ accord-
ing to Eqs. (A4) and (A7). If we neglect both interlayer
hoppings and SDW order parameters, the matrix Hˆp be-
comes block-diagonal, with the following 2 × 2 matrices
on its diagonal
− t
(
0 f ip+G
f i∗p+G 0
)
. (A9)
The eigenenergies of such a matrix are ±t|f ip+G|. Both
interlayer hopping amplitudes and SDW order parame-
ters are small in comparison to t. As long as we are
interested in low energies we can use the truncated ma-
trix Hˆ ′p to calculate the mean-field spectrum. To derive
this matrix, we define the reduced subset of G satisfying
the inequality
t|f iG| < ER , (A10)
where ER is the cutoff energy. Obviously, the number
N1 of such G’s is an increasing function of ER. Also
N1 < Nsc. Using this subset of G’s, we construct the
truncated basis Ψ′p and truncated matrix Hˆ
′
p according
to Eqs. (A4) and (A7) with G1 and G2 belonging to
the reduced subset. The rank of the truncated matrix is
N ′R = 8N1. Diagonalization of Hˆ
′
p gives the wrong result
for the eigenenergies E
(S)
p close to ±ER. For this reason
we take into account only eigenenergies satisfying the in-
equality |E(S)p | < E0, with E0 < ER. We use E0 = 0.2t,
ER = 0.4t (N
′
R = 720) for parametrization I and II.A,
and E0 = 0.5t, ER = 0.7t (N
′
R = 720) for parametriza-
tion II.B. Several calculations with smaller and larger ER
and E0 show that the results are almost independent on
these quantities.
Our goal is to minimize the total energy E of the sys-
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tem with respect to the order parameters. Since we use
the truncated Hamiltonian, the contribution to the total
energy from the discarded states E
(S)
p < −E0 must be
accounted for separately. Since E0 ≫ max |∆nis|, this
can be done perturbatively. The leading corrections to
E
(S)
p are quadratic in ∆nis, A
(ℓ)
niσ , and B
rs
m;nσ. The same
is true for the total energy. In our approximation we
assume that the proportionality coefficients are identical
for all order parameters and are equal to
− 1
Vc(E0)
= −1
2
∫ 3t
E0
dE
ρ0(E)
E
, (A11)
where ρ0(E) is the single layer graphene density of states.
Such a correction can be taken into account by the fol-
lowing replacement in the total mean-field Hamiltonian
HMF → H ′MF−
∑
nis
|∆nis|2
Vc(E0)
−
∑
niℓσ
|A(ℓ)niσ|2
Vc(E0)
−
∑
nm
rsσ
|Brsm;nσ|2
Vc(E0)
,
(A12)
where H ′MF corresponds to the truncated basis. For
E0 = 0 we have Vc(0) = 2.23t which is equal to the
critical Hubbard U for the mean-field transition to the
AFM state of single layer graphene43. Thus, the replace-
ment (A12) is exact for the Hubbard model of the tBLG
in the limit of uncoupled graphene layers.
Our iteration scheme for finding order parameters is
the standard one. For a given ∆nis, A
(ℓ)
niσ , and B
rs
m;nσ,
we calculate the eigenenergies E
(S)
p and eigenvectors Φ
(S)
p
of the truncated matrix Hˆ ′p. Using these quantities we
calculate the gradient of the system’s energy according
to
∂E
∂λ
=
〈
∂HMF
∂λ
〉
, (A13)
where λ = ∆nis, A
(ℓ)
niσ, or B
rs
m;nσ. The new values of
the order parameters are calculated according to the
conjugate-gradient method. The averaging in Eq. (A13)
is performed at fixed doping level, where the chemical
potential is found from the condition
n
ns
=
N ′R∑
S=1
∫
d2p
vRBZ
θ(µ− E(S)p )−N ′R/2 , (A14)
where vRBZ is the area of the reduced Brillouin zone.
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